We apply the multiconfigurational time-dependent Hartree method for indistinguishable particles (MCTDH-X) to systems of bosons or fermions in lattices described by Hubbard type Hamiltonians with long-range or short-range interparticle interactions. The wavefunction is expanded in a variationally optimized time-dependent many-body basis generated by a set of effective creation operators that are related to the original particle creation operators by a time-dependent unitary transform. We use the time-dependent variational principle for the coefficients of this transform as well as the expansion coefficients of the wavefunction in the time-dependent many-body basis as variational parameters to derive equations of motion. The convergence of MCTDH-X is shown by comparing its results to the exact diagonalization of one-, two-, and three-dimensional lattices filled with bosons with contact interactions. We use MCTDH-X to study the buildup of correlations in the long-time splitting dynamics of a Bose-Einstein condensate loaded into a large two-dimensional lattice subject to a barrier that is ramped up in the center. We find that the system is split into two parts with emergent time-dependent correlations that depend on the ramping time -for most barrier-raising-times the system becomes two-fold fragmented, but for some of the very fast ramps, the system shows revivals of coherence. * axel.lode@unibas.ch
I. INTRODUCTION
Ultracold atoms in optical lattices are a very active and wide field of research that bridges the gap between atom-, molecular, and optical physics and condensed matter systems. They have been employed as quantum simulators for condensed matter systems that cannot be experimentally controlled to the same extent as ultracold atoms in optical lattices [1] [2] [3] .
Recent progress in this direction includes for instance the realization of artificial gauge fields [4] and topological states of matter [5] with cold atom systems.
To describe the dynamics of ultracold atoms in optical lattices theoretically requires solving the equation governing these systems, i.e., the time-dependent many-body Schrödinger equation (TDSE). However, the dimensionality of the many-body Hilbert space that hosts the solution grows exponentially with the number of particles and with the number of sites in the considered optical lattice. Since no general analytical solution is known to date, many approximate numerical methods have been devised. Popular approaches include the time-dependent density matrix renormalization group [6] , matrix product states [7] [8] [9] , timeevolved block decimation [10, 11] , dynamical mean-field theory [12] [13] [14] [15] , mean-field lattice methods, the discrete nonlinear Schrödinger equation [16] , and the Hartree-Fock theory for Hubbard Hamiltonians [17] . These methods have problems when dealing with optical lattices of spatial dimension larger than one (time-dependent density matrix renormalization group, matrix product states, time-evolved block dimension), when the considered lattice is not spatially homogeneous (dynamical mean-field theory), or they oversimplify the emergent many-body correlations (discrete nonlinear Schrödinger equation and Hartree-Fock for Hubbard Hamiltonians).
For continuous systems of ultracold atoms, i.e., atoms that do not reside in an optical lattice, a theory which does not suffer from the aforementioned problems has been formulated [18, 19] and implemented [20] [21] [22] : the multiconfigurational time-dependent Hartree for indistinguishable particles. In this work, we apply the same philosophy to describe ultracold atoms in optical lattices.
We adopt the strategy of Refs. [18, 19] and apply the time-dependent variational principle [23, 24] to the time-dependent many-body Schrödinger equation using a formally complete, time-dependent, and variationally optimized orthonormal many-body basis set and demonstrate the exactness of the obtained theory, the multiconfigurational time-dependent Hartree method for indistinguishable particles in lattices (MCTDH-X). In the static case, i.e., the solution of the time-independent Schrödinger equation, we compare MCTDH-X for a bosonic Hamiltonian with exact diagonalization and find that the error in the obtained method goes to zero roughly exponentially with the number of effective time-dependent one-particle basis functions employed. In the dynamical case, i.e., the solution of the time-dependent Schrödinger equation, we apply MCTDH-X to the long-time splitting dynamics of bosons in a two-dimensional lattice. We show that correlations in the split system are built up almost independently of the splitting times: the reduced one-body density matrix acquires two eigenvalues on the order of the particle number throughout the splitting process, i.e., fragmentation emerges. Fragmentation emerges with a delay for short splitting times which becomes proportional to the splitting time for longer splitting times. Interestingly, revivals of the uncorrelated (coherent) initial state are seen for very short splitting times. By quantifying the coherence of the system with the first-order correlation function, we show that the mechanism behind the fragmentation is the loss of coherence between the left and right fractions of the bosons as the barrier is ramped up.
II. THEORY

A. Schrödinger equation and Hubbard Hamiltonians
The aim is to solve the time-dependent many-body Schrödinger equation,
for the Hubbard Hamiltonian including a general long-ranged interaction,
Here and in the following, < ·, · > denotes neighboring sites. The full many-body state reads
The sum in this ansatz runs over all possible configurations of N indistinguishable particles in the M s lattice sites. In the exact diagonalization approach, one takes Eq. (3) as the ansatz and determines the coefficients C n (t). However, the number of the coefficients C n (t) in the To make large lattices tractable, approximations have to be introduced to reduce the number of coefficients. In what follows, we use a variational approach to obtain such an approximation: the general "MCTDH ansatz" is used to derive equations of motion.
B. MCTDH-X for Hubbard Hamiltonians
The MCTDH-X equations of motion are derived with a time-dependent variational principle of the Schrödinger equation [24] for Hubbard Hamiltonians by taking into account multiple "effective" time-dependent creation operators that act on all M s lattice sites.
To start, we note that one can transform the time-independent operatorsb † j in the Hubbard Hamiltonian in Eq. (2) using a time-dependent unitary matrix u kj (t) to a set of M
with the inverse transformationb †
It is important to note that in the above equation M is the number of effective creation operatorsâ k (t) considered and is not the number of sites M s in the system. To proceed, one forms all possible configurations m of N particles in M of the above effective time-dependent operatorsâ † k (t). The resulting ansatz for the many-body state then reads
The number of coefficients C m (t) that has to be accounted for is (1) can now be (re-)formulated using the operator relation in Eq. (5) and reads
Here, the time-dependent Lagrange multipliers µ pq (t) have been introduced to enforce the orthonormality of the column vectors of the transform u pk (t). This ensures that u pk (t) is indeed unitary for all times t. To derive the equations of motion for u pk (t), we proceed by inserting the transformed operators given in Eq. (5) in the above action, Eq. (8):
With the abbreviations,
Eq. (10) reads
In the following, we use the vector notation u p (t) for the column vectors of u kj (t) and refer to these vectors as orbitals. Furthermore, we use bold math symbols to denote matrices of the quantities defined in Eqs. (11) and (12) . The variation of the action functional with respect to the orbitals { u * p (t)} can now be performed. Since the action takes on the same functional form as in the case of MCTDH-X, compare Eq. (17) to Eq. (10) in Ref. [19] , the variation with respect to the orbitals { u * p (t)} also must have the same functional form as the equations of motion of MCTDH-X. They take on the form
for the orbitals and
for the coefficients, where a vector notation C(t) = {C m (t)} was introduced. The equations for the orbitals, Eq. (17), are presented here using the invariance property j u * qj ∂ t u kj = 0 that follows from the unitarity of u kj .
The usage of the variational principle to derive equations of motion for multiconfigurational wavefunctions in lattices yields the same result as in the continuum case, but the equations contain a different and particular spatial representation of the potential and kinetic energy, namely the matrices T and V which encode that the considered many-body state lives in a lattice. The existing implementation of MCTDH-X [20] [21] [22] is straightforwardly adapted to the numerical solution of the equations of motion, Eqs. (18) and (17), the modifications concern T and V only.
Note that the projectorP above will vanish as soon as the basis { u j ; j = 1, M} is complete. This is exactly the case only, if the number of effective operators in the multiconfigurational ansatz is taken to be the number of sites in the lattice M = M s . Then, the time derivative in the orbitals' equations of motion (17) and, furthermore, once convergence is achieved even for a number of orbitals M < M s , the dynamics of the full many-body wavefunction is captured [21, 25, 26] .
C. Quantities of interest
We introduce the quantities that will be used in the remainder of our work to analyze the obtained results. For notational convenience, we will write vectors as functions of position, for instance u k ≡ u k ( r). The reduced one-body density matrix reads
The diagonal of the reduced one-body density matrix is the one-body density,
To investigate correlations between the atoms, we use the fragmentation and the normalized first-order Glauber correlation functions g (1) [27] .
Fragmentation is computed from the eigenvalues of the reduced one-body density matrix
are termed natural occupations and are obtained by diagonaling the reduced one-body density matrix, see Eq. (15) . In a system with multiple natural occupations on the order of the number of particles, fragmentation can by quantified by
The quantity F (t) defines what fraction of the atoms is outside the single particle state that corresponds to the largest eigenvalue ρ
of the reduced one-body density matrix. The first-order Glauber correlation function, ( r; t) . From the reduced density matrix in momentum space, the momentum density ρ( k; t) and momentum correlations g (1) ( k, k ′ ; t) can be computed in analogy to Eqs. (22) and (20), respectively.
III. RESULTS
We study the eigenstates and dynamics of bosons with contact interactions, i.e., W (i, j) = δ ij in Eq. (2), in the following two Subsections.
A. Comparison with exact diagonalization
To demonstrate the correctness of our implementation of the MCTDH-X method, we compare with exact diagonalization results for a bosonic system in one-, two-, and threedimensional lattices of 20, 5 by 5, and 3 by 3 by 3 sites, respectively. For the parameters in the Hamiltonian, Eq. (2), we choose a harmonic on-site energy ǫ j = The time-dependent variational principle [23, 24] and the MCTDH-X method [21, 22, 25, 26] imply the formal exactness of the approach. 
Here ω ext is the frequency of the external harmonic trapping potential, V (t) is the timedependent height of the barrier and σ its width. For our simulations we choose the value ω ext = 0.3, σ = 1, and a linear ramp for the barrier V (t),
As a first step in our investigation, we choose an intermediate ramping time t ramp = 50, and analyze the time-evolution of the density. Fig. 2 shows a plot of the spatial and momentum densities at representative times. The spatial density ρ( r; t) of the system is divided equally between the two wells by the split. Furthermore, the splitting is a non-adiabatic process, as there are remaining dynamics for t > t ramp after the split is complete: the maxima of the density in the left and the right minimum of the potential oscillate. The (Gaussian) momentum density ρ( k; t) is spread out in the x-direction. During the splitting process for t ∈ [0, t ramp ], the momentum density ρ( k; t) shows multiple peaks, similar to the peaks that are observed in the ground states of bosons in a double-well in continuous space at intermediate barrier heights (cf. Fig. 3 in Ref. [29] ). We move on and monitor the emergence of fragmentation, i.e., the macroscopic occupation of more than one natural orbital in the splitting process as a function of the time within which the barrier is ramped up to its maximal value V max to split the Bose-Einstein condensate. To quantify fragmentation, we plot the fraction F (t) of particles outside of the lowest natural orbital of the system for barrierraising-times t ramp ∈ [2, 200] in Fig. 3 . Fragmentation emerges for all the investigated ramp times t ramp . The delay of the emerging fragmentation for longer ramp times is proportional to t ramp , but constant at about 50 time units in the case of short ramps t ramp 40. For very short ramps with t ramp ≈ 5, revivals of the initial fragmentation F ≈ 0 are seen in the dynamics. This bears some resemblance of the inverse regime discussed in Ref. [30] for the splitting of a one-dimensional Bose-Einstein condensate that does not reside in an optical lattice potential, where it was found that the system stays coherent counter-intuitively for larger interparticle repulsion at a fixed t ramp . In the present case of the splitting of a Bose-Einstein condensate with an optical lattice potential, we find that the system retains its coherence for very fast ramps at fixed and small interparticle interactions. This behavior is counterintuitive as one would naively expect that a process that is further from being adiabatic and closer to a quench (t ramp −→ 0) is more likely to break the coherence and drive the system to fragmentation. To get a space-and momentum-resolved picture of the emergence of fragmentation and the entailed loss of coherence, we pick a ramping time of
t ramp = 50 and analyze the Glauber correlation function g (1) in the course of the splitting process in Fig. 4 . Initially, at t = 0 the atoms form a single connected superfluid: all atoms are coherent and |g 
IV. CONCLUSIONS AND OUTLOOK
In this work, we formulated a general many-body theory to describe dynamics and correlations of indistinguishable interacting many-body systems in lattices. The software implementation of our theory is openly available as part of the MCTDH-X software package [20] . We demonstrate that the method converges exponentially towards the exact result by comparing it to exact diagonalization.
We obtain numerically exact results for the long-time splitting dynamics of initially condensed bosonic atoms in a large two-dimensional optical lattice: correlations that manifest as the macroscopic dynamical occupation of two natural orbitals are built up on a timescale that is proportional to the barrier-raising-time t ramp -the system becomes two-fold fragmented. Revivals of the initial coherence and absence of fragmentation is seen for very short ramping times.
As an outlook, we mention a detailed investigation of the observed counter-intuitive revivals as well as the application of MCTDH-X to many-body systems of atoms with internal degrees of freedom [22] and/or systems subject to artificial gauge fields [4, 5] and spin-orbit interactions [31, 32] . depicts the spatial density ρ( r; t) and the bottom row depicts the momentum density ρ( k; t) for times t = 0, 20, and 150, respectively. Darker color and larger points stand for larger on-site density. The plot of ρ( r; t) shows that the initially Gaussian density distribution is split in two equal parts by the barrier. The left and right maxima of the density oscillate even for t > t ramp when the barrier has fully been ramped up: the process is non-adiabatic. The momentum density ρ( k; t) exhibits an initially Gaussian distribution. During the splitting process, around t = 20, ρ( k; t) has three maxima which recombine to a broadened Gaussian distribution, once the splitting is complete and fragmentation has emerged [see ρ( k; t = 150) in the lower row and Initially, at t = 0, the bosons form a fully spatially-and momentum-coherent ensemble (see left column). In the course of the splitting process, spatial coherence is maintained only within the formed minima of the double-well potential, while the coherence between the atoms in the left and right minima of the potential is lost and |g (1) | 2 vanishes on the off-diagonal blocks (see emerging "white squares" in top middle and top right panels). In momentum space, the loss of coherence between the atoms in the left and right well shows by the emergence of a periodic diagonal stripe pattern (see lower row). All quantities shown are dimensionless.
